Counting pure k cycles in sequences of Cayley graphs  by Berrizbeitia, Pedro & Giudici, Reinaldo E.
DISCRETE 
MATHEMATICS 
ELSEVIER Discrete Mathematics 149 (1996) 11 18 
Counting pure k-cycles in sequences ofCayley graphs 
Pedro Berrizbeitia*, Reinaldo E. Giudici  
Departamento de Matemdticas, Universidad Sim6n Boh'var, Apartado 89000, Caracas I080-A, Venezuela 
Received 8September 1992; revised 15 July 1994 
Abstract 
For each positive integer nwe consider sequences X. of Cayley graph Cay(G., S.), where G. is 
a finite abelian group and Sn is a symmetric subset of G.. The sequence X, has the multiplicative 
arithmetic property (map) if for each pair of positive relatively prime integers (m, n) there is 
a group isomorphism ~on,m from G.. to G. x G, such that ~0n,m aps Snm onto S~ x S=. Let 
X. have the map and let pk(n) denote the number of induced k-cycles of Xn. We show that 2k 
pk is a linear combination (over 2r) of multiplicative arithmetic functions. In particular, the 
sequence Cay(2~, Un), where 77~ is the ring of integers modulo n and U, is the multiplicative 
group of units modulo n has the map. For this sequence xplicit formulae for p3(n) and p4(n) in 
terms of the primes dividing n are given. 
1. Introduction 
For each positive integer n let G. be a finite abelian group and let S~ be a symmetric 
(S, = - S.) subset of Gn. The Cayley graph Cay(G., S.) is defined as the graph whose 
vertices are the set G. and edges the pairs {g~, g2 } such that gx - -  g2 E Sn"  
We say that the sequence of Cayley graphs X, = Cay(G., Sn) has the multiplicative 
arithmetic property (map), if for each pair of positive relatively prime integers (m, n) 
there is a group isomorphism ~0.,~ from G~,, to G. x G,. such that ~0.,m aps Sm onto 
S.×Sm. 
For a sequence X. of Cayley graphs let pk(n) denote the number of induced k-cycles 
of X.. In Section 4 of this paper we will prove the following result. 
Theorem 1. Let X. = Cay(G,, S.) be a sequence of Cayley graphs with the map. Then 
the function 2k Pk is a linear combination (with integer coefficients) of multiplicative 
arithmetic functions. 
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When X. = Cay(Z,, ©,), where Y. denotes the ring of integers modulo n and 
U, denotes the multiplicative group of units modulo n, then X, has the map. This is 
a simple consequence of the Chinese remainder theorem. For this sequence xplicit 
formulae for P3 and P4 are obtained. In fact, we will show in Section 5 that 
p3(n) = ~ n3FI (1 - (1/p))(l - (Z/p)), 
p/n 
where the product is taken over all prime divisors p of n. This formula was first proved 
in [3]. A similar but longer formula for p4(n) is given. 
The Chinese remainder theorem also provides other interesting examples of se- 
quences of Cayley graphs. For each positive integer k let X. = Cay(2,, 13,~), where 
U, ~ is the set of kth powers of units modulo n. Then X. has the map. Also U. k can be 
replaced by 2, k, the set of kth powers of elements of 2,. In general, we can construct 
sequences of Cayley graphs with the map as follows. For each prime power q = p" let 
Gq be an arbitrary finite abelian group and let Sq be an arbitrary subset of Gq. For an 
arbitrary integer n = ql ..... q, where the qi are powers of different primes Pi, let G. be 
the direct product of the corresponding Gq, and S, be the cartesian product of the 
corresponding Sq,. The resulting sequence X, = Cay(G,, S,) has the map. 
The second author has been interested in studying the sequence X, = Cay(2., ~l.). 
These graphs were called unitary Cayley graphs in [3]. They provide a variety of 
well-known graphs for some values of n. For instance if n is prime then X. is the 
complete graph on n vertices; if n is even then X, is bipartite; if n is a power of 2 then 
X, is complete bipartite and so on. For certain values of n it has been established that 
X, is chromatically unique. When n is a power of 2 this is proved in [6]. When n -= 2p, 
where p is an odd prime this is proved in [5]. In general, to prove that a certain graph 
is chromatically unique, it is important o count the number of induced k-cycles. 
Birkhoffand Lewis [1] were the first to relate the number of induced k-cycles with the 
chromatic polynomial. Since then various authors, like [4,7], have found explicit 
formulae for some coefficients of the chromatic polynomials in terms of number of 
cycles. Other (cf. [2]) have used these formulae to prove that certain families of graphs 
are chromatically unique. These consideration led us to the problem of counting 
k-cycles in unitary Cayley graphs which turned out to be nice and nontrivial, 
Following a suggestion of the referee of an earlier version of this paper, we applied our 
counting methods to a more general sequence of Cayley graphs, the sequence of 
Cayley graphs with the map. 
The connexion of these results with the chromatic properties of unitary Cayley 
graphs is however beyond the scope of this paper. 
2. Sequences of finite sets 
Let n be a positive integer, R. a finite set and let [R.I denote the cardinality of R.. 
Let R be the sequence R = {R.}.~=I. Let fR(n) = JR.[. We will say that the sequence 
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R has the multiplicative cardinality property (mcp) iffR is multiplicative. Recall that 
a function .f: Z ~ C is multiplicative if f (m,n)=f (m) f (n ) ,  whenever m and n are 
coprime. 
'~ T ~ '  be two sequences of finite sets. We define the Let R={R.} .=~ and T={ ., ,=~ 
sequences R u T and R a T in the obvious way: 
T c(, R~T={R.u  .}.=1, 
T oC RAT={R.a .}.=~. 
We say that T is majorized by R if T, c R. for all n = 1,2, 3 .... 
Let R be a sequence of finite sets with mcp. We say that a set $ of sequences 
majorized by R is of multiplicative type if every finite intersection of elements of ~ has 
the mcp. 
We will denote by t l  the algebra of sequences generated by ~ and by 2 R the set ofalt 
sequences that are majorized by R. We next have the following proposition. 
Propos i t ion  2.1. Let R be a sequence with the mcp. Let ~ ~_ 2 R have multiplicative type. 
Let A be an element of the algebra generated by ~. Then fa is a linear combination (over 
7/) of multiplicative arithmetic functions. 
Proof .  An element in 9.1 of the form 
R( I )c~ . . .  ~ R(t) n R(t + 1) ¢ n . . .  a R(t + r) c, 
where R(i) e ~, i = 1,2 ..... t + r and R(i) ~ = R - R(i) will be called an atom of 9.I. 
Every A e ~2I can be expressed as a disjoint union of a finite number of atoms. It 
follows that it is enough to prove Proposition 2.1 for atoms. We proceed by induction 
on r. If A is an atom with r = 0, thenfA is multiplicative so assume the proposition is 
true for every atom with r < u and suppose 
A'= R(1)  c~ . . .  n R(t) n R(t + 1) c a . . .  a R(t + u) ~ 
Note that B = R(1) n -.. c~ R(t) a R(t + 1) ~ a ... a R(t + u - 1) ¢ is the disjoint union 
of A and 
C- -R(1)n . . .nR( t )nR( t+ 1) cn - . .nR( t+u-  1) cnR( t+u) .  
It follows that fA =fB- fc ,  By the inductive hypothesis both fB and fc are linear 
combinations of multiplicative functions. Hence, so isfa.  [] 
3. Examples  o f  c lasses  o f  mu l t ip l i ca t ive  type  
In this section we will exhibit a class of sequence of multiplicative type which will be 
relevant o the proof of Theorem 1. 
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If X is a set and t a positive integer, Xt will denote the set of t-tuples of elements 
of X. 
Let X. = Cay(G,,S,) be a sequence of Cayley graphs with the map. 
Let W be the sequence given by W, = St". 
Let Z be the ring of integers and let v e Z t. 
For each v we will define two sequences R(v) and T(v) as follows: 
R(v), = {s e St, lv .s eS .}  
(here - denotes the standard inner product) and 
T(v) .  = {s e St"l v.  s = 0}. 
Let ~ be the set consisting of all R(v) and T(v), v e Z t. Note that every element of 
is majorized by W. We have the following proposition. 
Proposition 3.1. The set ~ defined above is of muhiplicative type. 
Proof. We have to prove first that W has the mcp. Let n and m be coprime positive 
integers, and let q~.,,, be the given isomorphism from G.,. to G. x G,. such that ~o.,,. 
maps Sn,. onto S. x S,.. The function ~o.,,. can be extended in a natural way to an 
isomorphism from G.t,. to Gt" x Gtm that maps St"., onto S~. x St,.. This proves that W has 
the mcp. The extension of ~0.,., will be denoted by tpt.,,.. It is easy to verify that q~t,,. 
maps R(v).,. onto the cartesian product R(v),,xR(v),,, and maps T(v).,,, onto 
T(v),, x T(v),,,. This shows that R(v) and T(v) have the mcp. The same can be done for 
finite intersections of elements of 6. [] 
4. The proof of Theorem 1 
Let g E G., let Pg(k,n) denote the set of induced k-cycles of X, containing as 
a vertex and let pg,k(n) = I P#(k, n)J. Similarly, let p(k, n) denote the set of all induced 
k-cycles of X. (pk(n) denotes its cardinality). It turns out that it is more comfortable to 
deal with po(k, n) than with p(k, n). The following lemma relates the cardinality of the 
two sets. 
Lemma 4.1. Let n ~ ~, if, g' ~ G,. Then 
(a) pg,k(n) = pg,,k(n), 
and 
(b) pk(n) = (n/k)po,k(n). 
Proof. (a) Note that for all 9 e G. we have that C • P(k,n) iff g + C •p(k,n).  It 
follows that C • px(k, n) iff(y - x) + C • py(k, n). This proves (a). Part (b) follows from 
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(a) and the fact that each C ~ p(k, n) belongs to px(k, n) for exactly k different values 
of x. [] 
Proof of Theorem 1. For the proof we will construct a sequence A = {An}~%l such 
that A is an element of the algebra ~ generated by the set of sequences ~ given in 
Section 3 and such that Po, k = (1/2)fA. 
A k-cycle C is usually represented by the ordered k-tuple (gl ,g2 ..... gk), where the 
gi are all the vertices of C and they satisfy 
g i -  g~ eSn if [i - j [  = 1 (mod k). (1) 
When 0 e C we will always assume that g l = 0. On the other hand, the k-tuple 
(0 = gl, g2 ..... gk) represents an induced k-cycle (an element ofpo(k, n))if the gi are all 
different and satisfy 
gi - g~ ~ S, iff I i - j[ -= 1 (rood k). (2) 
Note that every C ~ po(k, n) admits exactly two representations as k-tuples atisfy- 
ing (2); these are (0 = gl ,g2 ..... gk) and (0 = gl ,gk,  gk-1 .... g2). 
We introduce the change of variables g i+ l -g~=s i  for i=  1,2 ...... k -1 .  
Condition (2) being satisfied by the g~'s and the fact that y~ ~ gj for i ~ j imply that the 
si's satisfy: 
is1, s2,.. . ,  Sk- 1 ) ~ S~- 1 (3) 
and 
Sl + S2 + "" + Sk-1 ~ S, .  (4) 
for all pair (i,j) satisfying 1 ~< i, 1 ~<j, i +j~< k - 1, (i, j) #( l ,k  - 2), we have 
si + si+l + "" + si+jq~S, t5) 
and 
Si ~- Si+ 1 "~ "'" -~- Si+ 1 ~ 0. (6) 
Let An be the set of (k-1)-tuples (s l ,s2 ..... Sk- l )  satisfying (3)-(6) and let 
A ( n }, = 1. Then Po. k = (½)fa. It is easy to verify that A is an element of the algebra 
generated by ~ of Section 3. Theorem 1 follows from Proposition 3.1 and 
Lemma 4.1. [] 
5. Counting triangles and pure squares 
In this section we give explicit formulae for p3(n) and p4(n). We will derive first 
formulae which are valid for any sequence of Cayley graphs with the map and then we 
will restrict our attention to the sequence Xn = Cay(Z,, 13n). 
Using Lemma 4.1 and Proposition 3.1 we obtain that 
p3(n) = (n/6) lA. I ,  (7) 
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where 
.4. = {(s,,s2)lsl + s2 •S.}. 
Now note that [A,[ =fa(n). 
The computation of pg(n) is more complicated. This time we get that 
p4(n) = (n/8)[A,[, 
where 
(8) 
(9) 
A n = {(s1,$2,$3)$3n Is1 "-1- s 2 + s 3•Sn,S  1 q- s 2 ¢ Sn, 
S1 + $2 ~ 0,$2 "~ $3 ¢ Sn,s  2 ~- s 3 ~ 0}. (lO) 
We want to express JA as a linear combination of multiplicative function. Using the 
notation introduced in Section 3 we see that A = R((111)) c7 R((110)) ¢~ R((011)) ~ n 
T((110)) ~ c7 T((011)) ¢. To simplify the notation we will rename these sequences of sets 
as follows: R((I 11)) = B, R((110)) = C, R((011) = C', T((I I0)) = D, T((011)) = D'. 
Suppose now that for all n, 0¢S.  (in this case every graph in the sequence is 
loopless). Note that C c7 D = I~, C' ~ D' = 0, D w D' c B. With this in mind and using 
some elementary set theory manipulation we obtain 
fA =fB -fB~c -fB~c, -fD -fo,  +fB~c~, +f~o,  +fc, ~o +fo~o, (11) 
We now suppose that X, = Cay(7/,, U,). We will combine (7)-(11) to obtain explicit 
formulae for p3(n) and p4(n). 
For p3(n) we use (7) and (8). In this case A, = fA(n) is multiplicative, thus it is enough 
to find its value when n is a power of a prime, say p". We claim that 
i Apn [ = (ph _ ph-  1 )(ph _ 2ph- I), (12) 
TO avoid the use of subindices we will let 7/, _- R, U, = U, A, = A. Let B, C, D be 
subsets of R. The set {(b,c) e B × C b + c • O} will be denoted by [B + C _c D]. With 
this notation we have A = [U + U _c U]. Let U c --- R - U be the complement of 
U in R. Since the sum of a multiple ofp with a nonmultiple ofp is a nonmultiple of p, 
then 
[U+ U¢___ U] = U×U ~. (13) 
On the other hand, we note that [U + R _~ U] is the disjoint union of [U + U _ U]  
and [U + U c_~ U]. It is easy to see that the cardinality of [U + R _ U] is [UI z, 
where JU[ denotes the cardinality of U. It follows that ] [U+ U_~ U] J= 
[U2I - [[U + U c ~ U]I. Using (13) and the facts IU] = ph _ ph- i  i ue l  = ph-1, we 
obtain (12). Now, since in this case fa is multiplicative, by using (7) we get 
pa(n) = ~ n31-~ (1 -- (l/p)) (1 - (2/p)), (14) 
pin 
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where the product extends over all prime divisors p of n. Note that p3(n) = 0 if n is 
even (this is easy to see directly). 
Remark. When we first derived (14) we defined 
E ,= {u e ~U, lu + 1 eU,} .  
The sequence E, has the mcp. It was this fact that motivated the investigation. We can 
denote fe(n) by ~b2(n) because of its resemblance to the Euler ~b-function. We note that 
4~a(n) is the number of pairs of consecutive units modulo n and that 
(Oz(n) = nl- I (1 - (2/p)). 
pin 
Next we will combine (9)-(11) to obtain an explicit formula for p4(n). By symmetry 
one can see that 
fB ~ c = ./~ ~ c ' ,  fD = fD'  and  f c  ~ ~, = fc ,~,  D .  
Therefore, we get 
.IA =fB - 2fn~,c - 2fo + JB~c~c, + 2fc~o, +.fD~D' . (15) 
All of the functions on the right-hand side of (15) are multiplicative. To find a formula 
for .fa, and consequently for P4, we must evaluate each of these multiplicative 
functions. Of course, since we know that they are multiplicative it is enough to 
evaluate the functions on values which are power of primes. 
After some calculations, similar to but more complicated than the ones used to 
prove (12) we obtain 
fn(n) = n 3 1-[ (1 - (l/p))(1 - (3/p) + (3/p2)), (16) 
p/n 
fe~c(n) = n 3 1-] (1 -- (l/p))(1 -- (2/p)) z, (17) 
p/n 
fD(n) = n e [-I (1 -- (l/p)) 2, (18) 
p/n 
J '~c~,c'  (n) = n 3 I ]  (1 - (l/p))(1 - (2/p))(l - (3/p)), (19) 
p/n 
J c~o'  (n) = n 2 l-[ (1 - (l/p))(1 - (Z/p)), (20) 
p/n 
fD~,O' (n) = n l-[ (1 -- (l/p)). (21) 
pin 
Combining (15}-(21) we get an explicit formula for fa(n) and therefore for 
p4 = (n/8)fa. The formula is long, but we note that when n is even the formula reduces 
to 
8p4(n) = n(o(n)lnZl- l (1 - (3 /p )  + (3 /pZ) ) -  2~b(n) + l/, (22) 
l t_ p/n d 
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where 4~ is the Euler ~b function. In particular, one can see that p4(n) is always greater 
than 0 if n is even and n > 2. Also note that the methods we used here can be applied 
to count the total number of k-cycles, or multicolored k-cycles (in this case each 
different length of edge has a different color associated). 
Open questions 
The sequences R(v) and T(v) provide a large and interesting family of sequences 
with the mcp. To obtain explicit formulae for pa(n) for the sequence of unitary Cayley 
graphs we had to compute R((ll)) and for p4(n) we had to compute R((lll)). In 
general to find a formula for pk(n), it will be necessary to calculate R((111...k_ 1-.. 1)). 
Can a general formula for this number be found? More generally, can general formula 
for R(v) and T(v) be found? 
If we consider Xn = Cay(7/,, U,k), for k > 1, can one find explicit formulae for p3(n) 
and p4(n)? 
For what values of n is Cay(7/n, Un) chromatically unique? 
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